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Abstract: 

In this paper, some geometric properties for certain of meromorphic integral 

Operator in the punctured open unit disk are studied. Moreover, some 

supplementary conditions for which the class of integral operators to be in 

subclasses of meromorphic functions are determined. 
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1- Introduction 

Let U = {z ∈ C : |z| < 1}, be the open unit disc in the complex plane C, U∗ = U\{0}, the 

punctured open unit disk and H(U) = {f : U −→ C : f is holomorphic in U}. For a ∈ C 

and n ∈ N (N = {0,1,2,...}), let H[a,n] = {f ∈ H(U) , 
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      Let Σ denote the class of functions of the 

form 

which are analytic in the punctured open unit disk U∗. 
(1.1) 

 

We say that a function f ∈ Σ is meromorphic starlike function of order α(0 ≤ α < 1), 

and belongs to the class Σ*(α), if it satisfies the inequality 

                     (1-2) 

 
A function f ∈ Σ is a meromorphic convex function of order α(0 ≤ α < 1), if f satisfies 

the following inequality and we denote this class by Σk(α). 

                                                        (1.3) 

 

For f ∈ Σ, Wang et al. [11] introduced and studied the subclasses ΣM(δ) and ΣN(δ) of Σ 

as the following. 

A function f ∈ Σ is said to be in the class ΣM(δ), δ > 1, if f satisfies the following 

inequality: 

                            (1.4) 

 

A function f ∈ Σ is said to be in the class ΣN(δ), δ > 1, if f satisfies the following 

inequality: 

          (1.5) 

For α < 1 < δ, we define the following two subclasses of meromorphic 

functions ( [3], [4] and [5]). 

A function f ∈ Σ is said to be in the class  , ,   if f satisfies the following 

inequality: 



                  (1.6) 

A function f ∈ Σ is said to be in the class ΣK(α,δ), if f satisfies the following 

inequality: 

                      (1.7) 

If we consider   in the subclasses  ,   and  , ,K    we obtain 

respectively, the familiar subclasses   and   ,k   0 ≤ α < 1. In addition, if we 

consider 0  in the subclasses  ,  and  , ,K   we obtain respectively, 

the subclasses   ,M  and   ,N   δ > 1. 

In the literature several integral operators of meromorphic functions in the punctured 

open unit disk have been investigated and studied by many authors (cf., e.g., [1-2, 5-

10]). 

Mohammed and Darus, introduced and studied [1] the following meromorphic integral 

operator, 

 

 

 (1.8) 

 

In this paper we will study the properties of the image of a function f belongs the above 

subclasses through the integral operator Jβ, γ. 

In order to prove our main results, we shall need the following lemmas due to Alina 

Totoi 

[5]: 

Lemma 1.1 Let n ∈ N∗,α,β ∈ R,γ ∈ C with R [γ − αβ] ≥ 0. If q ∈ H[q(0),n] with q(0) ∈ R 

and q(0) > α, then we have 

 

 (1.9) 

 

Lemma 1.2 Let n ∈ N∗,δ,β ∈ R,γ ∈ C with <[γ−δβ] ≥ 0. If q ∈ H[q(0),n] with q(0) ∈ R 

and q(0) < δ, then we have 

 

      (1.10) 



2- Main result 

Our first result involving the properties of the image of a function f ∈ ΣK(α,δ), through 

the integral operator Jβ,γ defined by (1.8). 

Theorem 2.1. Let β > 0,γ ∈ C,α < 1 < δ and . 

If f ∈ ΣK(α,δ), then , where Jβ,γ (z) is the integral 
operator given by (1.8). 

Proof. From (1.8), we have 

   

                (2.1) 

Differentiating (2.1) with respect to z and by simple computation, we obtain 

  

                (2.2) 

Differentiating (2.2) logarithmically and by simple computation, we get 

 .          

         (2.3) 

We can write the left-hand side of (2.3), as the following: 

  

                 (2.4) 

 

 

Let 

    (2.5) 

 

such that q(z) is analytic in U, with q (0) = 1. Differentiating q(z) logarithmically, we 

obtain 

   

                                                    (2.6) 

 

Then (2.4) can be written as 
   

(2.7) 

 

Since f ∈ ΣK(α,δ), α < 1 < δ, then 



                                     (2.8) 

 

Which is equivalent to 

  (2.9) 

 

Using (2.7) and (2.9) we get 

          (2.10) 

Since + 1) and 0 ≤ 2γ − β(δ + 1) < 2γ − β(α + 1) 

We obtain from (2.10), after applying Lemma 1.1 and Lemma 1.2, that 

  (2.11) 

which is equivalent to 

  

 (2.12) 

 

That is . 

If we consider 0   in the above theorem, we obtain the next corollary: 

Corollary 2.2. Let β > 0,γ ∈ C ,δ > 1 and . If f ∈ ΣN(δ), then 

 , where Jβ,γ (z) is the integral operator given by (1.8). 

 

Theorem 2.3. Let β < 0,γ ∈ C,α < 1 < δ, and  

If f ∈ ΣK(α,δ), then , where Jβ,γ (z) is the integral 
operator given by (1.8). 

Proof. From (2.7), we know that 

                   (2.13) 

Where  is analytic in U. 

By using the same steps as in the proof of Theorem 2.1 and since f ∈ ΣK(α,δ),α < 1 < δ, 

we receive 

                  (2.14) 



Since + 1) and 0 ≤ 2γ − β(δ + 1) <2γ − β(α + 1), then 

by applying Lemma 1.1 and Lemma 1.2, we obtain from (2.14) that 

, where 

 

That is  

If we consider δ −→ ∞ in the above theorem, we obtain the next corollary: 

Corollary 2.4. Let β < 0, γ ∈ C and , then Jβ, γ (z) 

∈ 

, where Jβ, γ (z) is the integral operator given by (1.8). 
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